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The 1-D axial, laminar, Newtonian flow through a tube of uniform, but noncircular,
cross-section is analyzed. The tube boundary is r = R[1+ €f(6)1, in which R is a refer-
ence radius, e is a small parameter, and the function f(6) of the polar angle is general,
albeit subject to minimal constraints ensuring single-valuedness and quadrant symmetry.
All results are determined as asymptotic expansions complete to terms O(e?2), which
include the velocity distribution, average velocity, volume flow rate, ratio of flow rates in
the noncircular to that in a circular pipe of the same cross-sectional area, the friction
factor-Reynolds number dependence, the permeability of packed beds comprising non-
circular capillaries, kinetic-energy and momentum-flux correction factors, the capillary
penetration rate under the influence of the capillary pressure and the equilibrium value
of the capillary rise. Expressions are derived in terms of the general boundary function
f(#) and, for special cases, when f(#) = sin?¢ (k = 1, 2, 3) and f(#) = sin’k6 with k a
positive integer. The results provide quantitative measures of the effect of tube shape on

flow properties and on imbibition and drainage from noncircular capillaries.

Introduction

The results presented are of a detailed analysis of the
one-dimensional (1-D) axial flow of Newtonian fluids through
a tube having a uniform cross-section and a noncircular
boundary defined by r = R[1+ €f(8)]. The boundary is var-
ied in shape through the choice of the function of the polar
angle f(0), and in degree through the magnitude of the small
parameter e, which may be positive or negative. While the
hydrodynamic problem addressed in this article is intrinsi-
cally interesting in itself, our primary motivation is to develop
a body of analytical solutions pertaining to well-defined flows,
which can be used to probe various factors (in this case, flow
geometry) affecting flow through packed beds and penetra-
tion of liquids into, or their removal from, granular media.

The analytical results developed are in the form of asymp-
totic expansions in the parameter €, and include the velocity
distribution, the average velocity, the volumetric flow rate,
the ratio of volumetric flow rates in the tube to that in a
circular tube of the same cross-section, the friction factor-
Reynolds number dependence, the permeability of packed
beds comprised of the noncircular capillaries, the equilibrium
height, and the rate of penetration of liquid under the influ-
ence of capillary pressure in the tube.

Correspondence concerning this article should be addressed to R. M. Turian.
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All results are derived complete to O(e?2) for both the gen-
eral form of the boundary function f(6), as well as for the
special choices f(9)=sin?*9 with k=1, 2, or 3, and f(#)=
sin?k@ with k a positive integer. Carrying out the calcula-
tions completely to O(e?) is essential, because important
boundary-shape effects turn out to be second-order effects.
Increasing the value of the exponent k enhances the distor-
tion of the boundary from the circular shape, while increas-
ing the absolute value of e increases the degree of the distor-
tion. The results in terms of the general function f(6) can be
used to test other admissible boundary functions, which like
the choice f(9)=sin?%9 or sin’k@ need only be periodic to
insure single-valuedness, and positive in the range 0 to 27 to
insure quadrant symmetry. Poiseuille flow through noncircu-
lar tubes has been studied for various tube boundary shapes
as described below.

This work differs in that the boundary can be varied in
shape and degree through choice of the function f(6) and
the magnitude of e. Furthermore, the results are in analytical
form, and are complete to the order presented as all coeffi-
cients are whole fractions. This provides a more direct instru-
ment for probing flow geometry effects. The hydrodynamic
solution presented in this article can also be used to probe
tube boundary shape effects on the heating of fluids. This
associated convective heat-transfer analysis is deferred.
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Previous Work
Steady 1-D wvelocity fields

The steady, fully-developed, incompressible, laminar flow
of Newtonian fluids through noncircular conduits of uniform
cross-section is governed by an equation in which the Lapla-
cian in two dimensions of the velocity component v,(x, y), or
in polar coordinates v,(r, #), is equal to a constant propor-
tional to the axial pressure gradient (see Eq. 1). This is true,
of course, provided that conditions are such that secondary
flows are absent, which requires the Reynolds number to be
circumscribed. Aside from the differential equation, the no
slip condition must be satisfied on the conduit boundaries.
The mathematical problem arises in many areas, including
heat conduction and elasticity (torsion), and is extensively
treated in the literature on mathematical physics.

Exact or approximate solutions have been obtained for ax-
ial 1-D flows through tubes of uniform cross-section having a
variety of different boundary shapes; the method of solution
depends on the tube shape. In what might be referred to as
the semi-inverse method, the fact that many polynomials have
constant Laplacians, combined with the finding that addition-
ally in some cases equating the polynomial to zero yields the
equation of a closed contour, are exploited to establish a so-
lution. Under the circumstances, the product of the polyno-
mial with the appropriate constant, chosen to satisfy the dif-
ferential equation, will also vanish on the contour. Simple
polynomial expressions for the axial velocity distribution for
flow through pipes with elliptical and with equilateral trian-
gular boundaries have been obtained using the semi-inverse
method (Langlois, 1964). By contrast, the rectangular pipe,
with sides x=+a, y=+ b, has the polynomial [(x?— a?)
(y? — a?)]=0 as the equation of its boundary, but its Lapla-
cian is not constant. Therefore, the solution for the rectangu-
lar pipe is derived as an infinite series using separation of
variables (Dryden et al., 1956). These are examples of simply
connected boundaries. The eccentric annular geometry is not
a simply connected boundary. However, the bilinear transfor-
mation permits one to map the region between the pair of
eccentric circles in the x-y plane onto a concentric ring in the
transformed plane (Langlois, 1964). A detailed analysis of the
axial flow through an eccentric annulus is given by Snyder
and Goldstein (1965).

Studies pertaining to 1-D axial flows through a wide array
of different tube geometries have been reported in the litera-
ture. They include analytical or numerical solutions, as well
as experimental works. A comprehensive and detailed review
of the literature on such flows has been presented by Shah
and London (1978). Aside from the ones mentioned above,
the flow geometries considered include isosceles, right-an-
gled as well as general triangles, and sine, trapezoidal, rhom-
bic, quadrilateral, polygonal, circular-sector, annular-sector,
crescent-shaped, corrugated-wall, and cusped ducts.

Capillary flow through ducts

In the flows discussed above, the driving force consists of
the pressure gradient, which is taken as a constant. In capil-
lary flows, the driving force must include the effect of the
capillary pressure, requiring knowledge of the meniscus
shape. Washburn (1921) derived the equation for the height
of the liquid in a circular capillary as a function of time by
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incorporating the capillary pressure in Poiseuille’s expression
for the average velocity, assuming the meniscus shape to be
part of a sphere having the same radius as the capillary.
Washburn’s solution will be presented later in this article. The
key to extending capillary flow analysis to other flow geome-
tries is to determine what meniscus shape is appropriate and,
perhaps to a lesser extent, what value of the contact angle is
operative. Understanding capillary flow through noncircular
conduits is fundamental to many operations: imbibition, sep-
aration, and/or displacement of liquids from porous materi-
als, permeametry and mercury porosimetry.

A basic method for determining the shapes of menisci in
noncircular geometries was proposed by Princen (1969a) us-
ing the capillary rise of a wetting liquid (or depression of a
nonwetting liquid) between two parallel cylinders a small,
though variable, distance apart. Provided that the equilib-
rium height of the column of liquid is much greater than the
radius of the cylinders, the liquid surface is essentially verti-
cal from the bulk surface to somewhat below the meniscus.
Accordingly, one of the radii of curvature is infinite. The
other, representing the radius of the circular arcs in the hori-
zontal cross-section, is then determined, as a function of the
distance between cylinders, through a geometrical construc-
tion in which a material balance, using the cross-sectional area
and the equilibrium height of the liquid column correspond-
ing to the assumed meniscus shape, provides the needed clo-
sure. Extensions of this idea to assemblies of more than two
parallel equidistant cylinders and a cylinder and a plate, and
to assemblies of horizontal parallel cylinders, have also been
carried out by Princen (1969b, 1970). The method proposed
by Princen was used by Mason et al. (1983) to determine
meniscus curvature and capillary rise between two contacting
rods and a plate, giving results which agreed well with experi-
mental data. In a further, more extensive, application of the
method, Mason and Morrow (1991) derived the meniscus
curvature of perfectly wetting liquids for drainage/penetra-
tion in pores with a triangular cross-section of all possible
shapes. A notable outcome of this work was the finding that
the appropriate normalized shape factor for capillary action
in triangular pores is the ratio of the cross-sectional area to
the square of the perimeter. This is tantamount to using the
hydraulic radius in place of (R/2) in the capillary pressure
term for circular tubes (Egs. 45 and 51). The same finding
has been confirmed by Kim and Whitesides (1997) in a care-
ful experimental study of the dynamics of imbibition of liquid
prepolymers into micrometer-scale rectangular capillaries.

Applications of capillary phenomena abound in industry
and in nature. Princen’s (1970) studies on equilibrium config-
urations of liquids within assemblies of parallel horizontal
rods provide models for wetting of textiles, while Marmur’s
(1988) analysis of the kinetics of radial capillary flow between
two flat plates is an idealization of liquid penetration into
thin porous media such as ink into paper. The motivation for
substantially most of the research on capillary flow, like that
of the present work, is to establish a basis for understanding
liquid flow within porous structures; mercury porosimetry, oil
displacement, wetting or dewatering of granular materials,
and migration through soil. Penetration through packings of
spherical particles has been investigated by Mason and Mor-
row (1994) using a combination of a method proposed by
Mayer and Stowe (1965), aimed at relating the breakthrough
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pressure in mercury penetration to particle radius and pack-
ing arrangement, with Princen’s procedure for deducing
meniscus shape. The results suggest that the effect of the lig-
uid contact angle is moderated by the compensating effect of
the converging-diverging geometry. Further, experiments in-
dicate that inherent packing-particle surface roughness has
an effect on the operative value of the contact angle. The
nature of the operative contact angle in mercury intrusion
through clusters of particles has been examined by Huisman
(1983), while Smith and Stermer (1986) have investigated the
use of mercury porosimetry in the characterization of the
structure of random packings of microspheres. The role of
the contact angle in interpreting capillary flows is compli-
cated when the flow geometry is complex and is, in any case,
somewhat uncertain when the fluid is in motion; different
values are operative depending upon whether the meniscus is
receding, advancing or at equilibrium (Rillaerts and Joos,
1980; Bracke et al., 1989). The effects of surface roughness
and contact angle hysteresis have been treated by Bracke et
al. (1988). The result of modification of the contact angle on
the dynamics of capillary flow, and on Washburn’s relation,
has been examined in a series of articles (Joos et al., 1990;
Remoortere and Joos, 1991, 1993).

Poiseuille Flow through Noncircular Tube

We use cylindrical coordinates in dimensionless form, and
consider the steady-state axial flow of a Newtonian fluid
through a straight tube of a uniform cross-section having a
circumference in the form of a slightly distorted circle with a
radius given by R[1+ ef(8)], in which € is a small parameter.
The function of the polar angle f(6) can be chosen to vary
the shape of the boundary, though its prescription will be
restricted by requirements of single-valuedness, and, also, if
desired, by quadrant symmetry. Appropriate forms for this
function will be considered below. The dimensionless axial
velocity component w(r, 6) is governed by the equation

19 ( ow 1 93w 4—0 )

——\r— |+ —=+4=

rar( ar) r2 962 @
subject to the boundary conditions

r=0: W, =w,=0 )

r=1+¢€f(6) w=0 3

The r and 6 subscripts here denote partial derivatives. All
variables in these equations are dimensionless; w is non-
dimensionalized with respect to the reference velocity
[R2(— dp/dz)/4u], and r is nondimensionalized with respect
to the reference radius R. We seek a solution of Egs. 1-3 for
e <1

The transformation w(r, 0)=[(1—r?)—u(r,0)] in Eq. 1
yields the homogeneous equation

1 9%u

us () 5 00 (4)
r< a0
u=u,=0 (5)
r=1+e€f(0): u=(1—r?)=—2€f(0)— €*f2(0) (6)

r=0:
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For small e, the solution of Eqgs. 4-6 is in the form of the
expansion

Ug(r, 8) + euy(r, )+ €2u,(r, 0)+.... (7)

u(r,9)

The expression for u at the tube boundary, r =1+ €f(9), is
then given by the expansion

ufl+ ef(0),0]~ug[l+ ef(0),0]+eu[L1+€f(0),0]
~Uo(1,0)+ e{ f(0)uy(1,0)
+uy(1,0)} + €2{f2(0)up,(1,0)

+ f(0)uy,(1,0)+uy(1,0)} +0(€) (8)

+ €%u,[1+ €f(0),0]+...

Using the second-order operator, L2, defined in Eq. 4, the
differential equation for u, is given by

L?uy=0; withug,(0,60)=ug,(0,0)=0,
and uy(1,60)=0 (9)

It is clear from Eq. 9 that the solution is uy(r, ) =0, and,
using this result, the differential equations for u;, and u, are

L?u,=0: withu,,(0,0)=u,,(0,6)=0,
and u,(1,0)=-2f(0) (10)

L?u, =0: withu,,(0,0)=u,,(0,6)=0,

and  Uy(1,0)=—"f2(0)— f(0)u,(1,0) (11)

As stated above r and 6 subscripts in Egs. 9 through 11
designate partial derivatives.

The solution of Eq. 10 for u,(r, 6) is obtained using a sepa-
ration of variables. The choice of the function f(#) defining
the boundary is still open. Without prescribing the specific
form of f(#) at this stage, we merely restrict its ultimate
choice only to functions which are compatible with quadrant
symmetry, resulting in a flow field comprised of four identical
qguadrants. Under these circumstances, the eigenvalues and
eigenfunctions are determined by the requirements of sym-
metry, and, of course, single-valuedness. The resulting solu-
tion for u,(r, 9) is given by

u(r,0)= Y A,r*"cos2ng (12)
n=0
in which the constants A, are given by
1 2
Ao=——[Tf(0)do (13)
R
2 2
An=——[Tf(0)cos2n0do (n=1,2,3,...) (14)
T/

Invoking the same symmetry requirements, and introduc-
ing the solution for u, into Eq. 11, we obtain the solution for
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u, (r, 6). This is given by

uy,(r,0)= 3 B,r2"cos2né (15)
n=0
in which the constants B, (n=0,1,2,...) are given by
1 2 2 > 2 2
Bo=——f f2(0)do+— ), m[f f(0)cosZm0d0]
2w /o T =1 0
(16)

1 (o
B =——f2 f2(6)cos2node
/o

n

4 z ks w
+? Zlmfoz f(0)cosZm60052n6d0fo2 f(6)cos2meo do
m=

(n=1,2,3,...) (17)

The volume rate of flow Q through the tube is given by the
equation

%

7R* P\ [ 2 (2m r1+ ef(o)
~ -— = Tl1-r2- A, r2n
oo a2l <L

xcos2nf — €2 ) B,r?"cos2n6 +O(e3)} rdrdo}
n=0

R*( dp
~ 7;“ (—E)(1+6Q’1"+62Q§"+...) (18)

in which Q¥ and Q% are given by

2 2
Qi =-2A,=—[""f(6)do (19)
/0
2 20 2 =z 2
Q>2k=__f f2(0)do—— Y Anf f(6)cos2node
70 Th=o0 0
—-2B, (20)

The cross-sectional area of the tube is given by

B2 27 1+ €f(6) _ 2 2
s_R/0 fo rdrd6 = wR?(1+ €S} + €2S5) (21)

with S and S¥ given by
St = —l 27£(0) do 22

1 2
Si=—[""f%(0)de 23
Al MR (23)
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In addition to the foregoing, the perimeter (m) P is ex-
pressed by the equation

P= RfZ’T{[1+ ef(0)])°+ ezf’z(e)}jﬂdﬂ
0
=27R(1+ €Pf + €Py +...) (24)

in which

1 2 1 1 2@
P¥=— [""f(0)do==S* Pi=—[""f%(0)do (25
=g [THe)do=osp Pr == [TE(0)do (25)

It is found that S} =2P; and QF = 2SF.

It will be useful to establish the equations for the various
results pertaining to this flow in terms of the general bound-
ary function f(6), before considering specific permissible
forms for this function. Aside from the volumetric flow rate,
the results include the average velocity across the tube (v,
the ratio (Q/Q,) of volumetric flow rate through the noncir-
cular tube to that in a circular tube having the same cross-
sectional area, the Kkinetic energy correction factor o« =
w2/ v,)%, the momentum flux coefficient B = (v2)/v,),
the friction factor-Reynolds number relationship for the flow,
and the expression for the permeability K of a packed bed
based on the capillaric model comprised of these noncircular
tubes. A convenient means to present these results is in terms
of the quantities P, P¥, S¥, S¥ QF, QF, and the coeffi-
cients A, and B, in the series solutions for u; and u, given
above. It is evident from Eqs. 13-23 that all these terms de-
pend on the boundary function f(#). We use the notation
(W) to designate the average of the quantity ¥ over the
tube cross-section, given by

1 27 1+ ef(0)
V) =— WV rdrd 0 26
(V) Sfofo (26)

Average velocity and volumetric flow rate
The average velocity in the tube is given by

R?( dp Q RZ( dp
<UZ>=E(_E)<W>=§ZQ(_E)

(1+eQf +e’Q5+...) R? dp
(1+EST+EZS;‘) ~@(_E)

x[1+ €(Qf — ST+ €2(Q5 — SFQf — 537 — 55 ) +0(e%)]

R? dp
SM(_

E)[l+ €S} + €2(Qf — 57— 53) +0(e?)]

(27)

The volumetric flow rate for Poiseuille flow through a cir-
cular tube of cross-sectional area S is Q.= (S*/8mw)
(— dp/dz). Accordingly, for the same cross-sectional area and
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pressure drop, the ratio of flow rates is given by

(3
Q.

1+ €Q¥F + €%Q% +...

1+ eStte?sy)

=14 e(Q¥ —2SF)

+€?(QF —2S7QF +387 — S5 ) +0O(€?)

~1+€*(Qf —S§? —S5)+0(e®) (28)

We note from the expressions for Qf and S§ in Egs. 19
and 22 that the term of order € in Eq. 28 is zero. Further-
more, the coefficient of the €2 term in this equation is always
negative, demonstrating, as expected, that the volumetric flow
rate for the same cross-sectional area is greatest when the
boundary is circular.

Friction factor-Reynolds number relationship

The friction factor f, for steady-state flow through the
noncircular tube of length L is defined by the equation

_ SL(—dp/dz) ri(—dp/dz)  16u -
COPLL2p(v,Y 2m(Q/S)  4Argplv)

c

C16 29
i (@)

in which the ratio of cross-sectional area to tube perimeter is
the hydraulic radius (m) r, =(S/P). The Reynolds number
Re is defined by

4er<Uz> 4PQ
Re=——m= —
o uP

(30)
The geometric correction factor C, is given by

_ ri(—dp/dz)  S%(—dp/dz)
Yo2m(Q8)  2wP?Q
(1+ €St +e’s5)’

) (1+ ePf+ezP§‘+...)2(1+ eQf +€°Qf +...)

~1+ €(3SF —2Pf — Q¥)+ €?(3S}* +35

+3P;? +2PFQF — QF —2PF —6Pf'Sf —3SFQf + Q)

3
+0(€3) =1+ €? 3S§‘—Q§"—2P§"+ZSTZ +0(e%) (31)

The last expression is obtained by substituting the value P
= S§/2. Again, in this case, the e-term is zero, in view of the
fact Qf = 2S5, and it can be shown that the e?-term is posi-
tive.

Kinetic-energy and momentum-flux correction factors

To calculate the correction factors « and B, we need to
determine averages over the tube cross-section of integral
powers of the velocity distribution. The power » of the veloc-
ity distribution w, can be expressed as an expansion in as-
cending powers of the small parameter e, which with, x = r?,
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is given by

w’=(1- x)”{l— e(l-x)"" Y A x"cos2n6
n=20

_52(1—X)_1 Z BanC032n6+...} :(1_ X)V—VE Z
n=0

n=0

A x"(1—x)" "‘cos2n6 — ez[v Y B,x"(1—x)" *cos2nf
n=0

_ V(l_V).( Y A X" (1-x)" P2 0052n0)2}+.-- (32)
n=20

The expansion in Eq. 32 formally accounts for all terms to
0O(e?) in the expansion for w” in terms of x and 6. However,
upon integration over x, from 0 to [1+ €f(6)]?, higher-order
terms are introduced through the upper limit, requiring a
further reordering and culling of the expansion to exclude
the terms of order higher than O(e?2). The squared sum in
the last line of Eq. 32, which could be expressed as a double
summation, will reduce to a single summation upon integra-
tion over 6 as all cross-product terms drop out on account of
orthogonality. Using the expansion in Eq. 32, the average over
the tube cross-section is calculated as follows

1
2(1+ €Sf + €°S3)

X{[2—V+ v(v—1) N v(v—1)(v—-2) .
3 12

R® 2
7 ([L+ ef(0)]
w”) = w” dxd6 =
W) Zsj(‘)fo

...}—2AOE

+ €2

(1—3v+gv(v—1)—%v(v—l)(v—Z)-l—...)%j:ﬂ

X £2(0)d6 —2v ¥ An[l—(v—l)-kW—k...]
n=20

1 2
X—fz f(#)cos2nodo
70

—szO[l—(V_1)+(V_1)(V_2)+...]
2 6
+v(y—1)[1—(7/2_2)+... A2
v(v—1) 1 v—2 )
T2 n§1(2n+1_2n+2+'”)A”}

+0(e®)(v=1,2,and 3) (33)

It is important to note that the terms explicitly depicted in
Eq. 33 limit the expansion to calculation of {w”) for only
v=1, 2 and 3; terms pertaining to » >4, which are easily
deduced but are unneeded, are denoted by ellipsis dots.

The averages in Eq. 33 are calculated for » =1, 2, and 3,
and the momentum and the kinetic-energy correction factors

April 2000 Vol. 46, No. 4 699



B and « are then calculated using the equations

B = (w2 w)? (34
a = (w3 w)? (35)

Permeability based on capillaric model for packed bed

The permeability K of packed beds, having porosity ¢, is
calculated using the capillaric model of the bed, which in the
present case assumes the bed is comprised of an array of the
noncircular tubes. The basic relation is Darcy’s Law, which
relates the superficial velocity (m/s) v, and the pressure gra-
dient across the bed

In adapting the flow through the noncircular tube to the
packed bed, we proceed in the same way as with calculations
using the results for circular tubes. Accordingly, we identify
v, as ¢<v,), take the void fraction ¢ as the ratio of the total
volume inside the noncircular tubes to the total volume of
the bed, and determine the volume-specific surface of pack-
ing particles a, as the ratio of the wetted surface of the tubes
to the nonvoid volume. The nonvoid volume is the total bed
volume less the total inside volume of the tubes. The specific
surface area is also determined in terms of the mean equiva-
lent surface and mean equivalent volume diameters of the
packing particles d; and d,, respectively. The resulting equa-
tion for the permeability is

< (1+ €Pf + €?Ps +...)2(1+ €Qf +€?Q5 +...)
’ (1+ €St + e25%)°

(37)
157 k
1
2
\ 3
05
X
15 1.5

-15 -

Figure 1. Capillary tube boundary: r =1+ € sin?"9.
k=1,2,3 e=03.
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with K,, the permeability based on circular tubes, given by

‘I’2d2 d)S
Ko= 2(36) (1- ¢)?

(3®)

This is the Kozeny formula for the permeability, except for
the fact that the numerical factor of (2 36) in the denomina-
tor is replaced by the number 150 to account for tortuosity,
among other effects. Also, ¥ =(d2/d?) is the sphericity; d,
and d, are the diameters of spheres having the same mean
surface area, and the same mean volume, as the packing par-
ticles, respectively.

Expanded in powers of e, the permeability from Eq. 37
gives

K = Ko[L1+ e(QF ~257)

13
+62(Q’2“—ZSTQT—3S§‘+2P§"+Tsfz)+0(e3)}

3 2
=~ Ko|1+ €2 Q;‘—SS§‘+2P§‘—ZS;" +0(e®)| (39)

where we have used P;* = S¥/2 in the first equality, and Q¥
=2S¥ in the second. We note that the e-term is zero, and
the e2-term is negative, as will be shown.

Boundary function f(@) = sin?0 (k =1, 2, 3)

The choice of boundary given by [1+ ef(6)] =[1+ € sin?*9],
with k a positive integer, embodies the required periodicity
and is compatible with the symmetry requirements referred
to earlier. The even power for the sine function is required to
insure quadrant symmetry. Increasing the integer k for fixed
e increases the distortion of the pipe wall, as shown in Figure
1. The parameter e may be positive or negative, albeit with
small absolute value. Our calculations are first aimed at de-
termining the values of the coefficients A, and B, in the
series solutions for u,(r, 6) and u,(r, 8), Egs. 12 and 15, and
the terms QF, Q%, S§, S¥, Pf and P5. These are then used
to calculate the various results presented in the foregoing.
Calculations are carried out for k =1, 2, and 3. The general
formulas for the needed trigonometric integrals are given by
Gradshteyn and Ryzhik (1965), although we note here that
we rederived these integrals as corrections were necessary in
some cases.

It is a straightforward matter to show that all of the needed
results can be calculated through appropriate adaptation of
two integral formulas. The first formula is (Gradshteyn and
Ryzhik (1965), No. 3.621-3, p. 369)

j; sin“*0do = 27 o (40)
in which the following notation is used

2k —1)11=13...(2k - 1) (41)
(2K)!'=24...(2k) (42)

The second integral formula is (Gradshteyn and Ryzhik, 1965,
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Table 1. Values of A, for f(8)=sin?*9 (Egs. 13 and 14)
k A, A, A, A, A,
1 -1 1 0 0 0
2 —3/4 1 —1/4 0 0
3 —5/8 15/16 -3/ 1/16 0
p. 373)
27 . oy (_ 1)” —_
f sin“*9cos2n@ do = ZwT:[Zk/(k -n)]
0
fork>n
=0 fork<n (43)

which employs the following notation

p(p—1...(p—m+1)
o m » Elp0]=1 (44)

E[ p/m]=

We note that the integrals containing the product (cos 2n6
cos 2m6) in Eq. 17 for the constants B, can be evaluated
using the formula in Eq. 43 after the product of cosines is
reexpressed in terms of the cosines of the sum and difference
of the angles.

To facilitate calculation of all results pertaining to the flow
which were presented in preceding sections, tables of inte-
grals over 6 from 0 to 27 were calculated, in which ()=
sin?9 (k =1, 2, 3) for the following integrands: f(6), f2(9),
f(#) cos 2n6, T2(A) cos 2nh, and f(H)cos 2nhH cos 2mé.
These are given in the Appendix.

Coefficients in velocity expansion for f(@) = sin®* @
k=1,273)

The coefficients A, in the series solution for the term
u,(r, 6) in the asymptotic expansion Eq. 7 for the dimension-
less velocity distribution u(r, 6) are defined by Egs. 13 and
14. The calculated values of A, using the tabulated integrals
given in the Appendix are given in Table 1, from which it is
observed that the series solution for u,(r, #) has only a few
nonzero terms, depending on the value of the exponent k.

The coefficients B, in the series solution for the term
u,(r, 8) in the asymptotic expansion Eq. 7 for u(r, 6) are de-
fined by Egs. 16 and 17. The calculated values of B, are
given in Table 2. It is observed again that the series solution
for u,(r, #) also has only a few nonzero terms, albeit more
terms for each k than the series for u,(r, 9).

The finding that the series representations for the terms in
the expansion for u(r, ) only have a few nonzero terms makes
calculation of results quite convenient, and permits one to

Table 3. Values of P, PJ, S¥, S¥, Q¥ and Q3 for
£(0) =sin?*9 (Egs. 19-25)

k  Pf P st S3 Qf Q3
112 1/4 1 3/8 2 5/4
2 38 5/16 3/4 35/128 3/2 3364
3 516 189512 58 23171024 54  93/512

approximation, which in this work is to order €2, inclusive.
Aside from the coefficients A, and B,, we need to calculate
the terms P, P¥, S¥, S¥, Qf, and QF from the relation-
ships in Egs. 19-25 for f(9)=sin?*9. These are determined
using the tabulated integrals in the Appendix. The values of
these terms are given in Table 3.

The tube perimeter P, cross-sectional area S, and the vol-
ume rate of flow Q are given by Egs. 25, 21, and 18, respec-
tively, using the terms in Table 3.

The average velocity {v,) from Eq. 27, and the volumetric
flow rate ratio (Q/Q,), given by Eq. 28, were calculated for
the boundary function f(6)=sin?*9 for k=1, 2, and 3. The
results are given in Table 4.

It is found that the ratio of volumetric flow rates (Q/Q.) is
less than 1, since as expected the volumetric flow rate for the
same cross-sectional area and pressure drop is greatest when
the boundary is a circular. Also, using the results from Table
4, we find the ratio [2 {v,)/v,ma]=1—Ce?+ ..., with C=0
for k=1, C=(1/32) for k=2, and C =(19/256) for k = 3.

The friction factor-Reynolds number and the permeability
geometric factors C, given by Eq. 31, and (K/K,) given by
Eq. 39, are listed in Table 5 for the boundary function for
f(9)=sin?*9 for k=1, 2, and 3.

The results in Table 5 demonstrate that the friction factor
geometric factor is larger than 1, and that the permeability is
smaller in the noncircular tube, and the effects are indiffer-
ent to whether € is positive or negative, as required.

The momentum flux and Kinetic-energy correction factors
B and « from Egs. 34 and 35 for f(6) =sin2%9 are given in
Table 6.

It is evident that both correction factors « and B are the
same as those for a circular boundary up to, and including,
the e?-term for k = 1. In addition, for k > 1, these factors are
larger than the corresponding correction factors for the circu-
lar boundary; the O(e) terms are zero, whereas the O(e?)
terms are positive and increase with increasing k.

Capillary Flow through the Noncircular Tube

The results in the foregoing are now applied to calculate
the capillary rise in the noncircular tube. The driving force
for the capillary rise in a circular tube of radius (m) R is
given by

determine all the terms complete to the appropriate order of Ap= (20 cos6,/R)— pgh (45)
Table 2. Values of B, for f(8)=sin?@ (Egs. 16 and 17)
k B, B, B, B, B, B, B, B,
1 1/8 —1/2 3/8 0 0 0 0 0
2 37/128 ~11/16 21/32 —5/16 7/128 0 0 0
3 369/1,024 — 201,256 1,065/2,048 —275/512 231/1,024 —27/512 11/2,048 0
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Table 4. Average and Maximum Velocity and (Q/Q,) for f(8) = sin?%9 (Egs. 27 and 28)

(v, )/(R%/8w) (— dp/d2)]

Uzmax/[( R2/4I-L) (- dp/dz)]

(QQ.)

1+e—(1/8)e?+...
1+(3/4)e —(41/128)€% + ...
1+(5/8)e —(445/1,024)€? + ...

PR X

1+(3/4)e —(37/128)€? + ...
1+(5/8)e —(369/1,024)€? + ...

1-(1/8)e? + ...
1—(41/128)€? + ...
1—(445/1,024)€? + ...

1+e—(1/8)e?+ ...

in which o is the surface tension (N/m), 6, is the contact
angle, and h is the height of the liquid column in the tube at
time t. In Eq. 45 the first term on the lefthand side is the
capillary pressure, the radius of curvature being taken as the
radius of the tube since the meniscus is assumed to be part
spherical. The second term is the hydrostatic pressure. The
equilibrium height of liquid in a tube open to the atmosphere
above a reservoir of the liquid, also open to the atmosphere,
is attained when the capillary pressure equals the hydrostatic
pressure, and is given by

h...=(20cos 6,/pgR) (46)

The problem of the capillary flow of a liquid in a circular
tube was treated theoretically nearly eight decades ago by
Washburn (1921); the theory is sometimes referred to as the
Washburn-Rideal-Lucas (WRL) result (Joos et al., 1990).
Washburn combined Poiseuille’s law for the average velocity
for the laminar flow in a circular tube with the pressure drop
given by Eq. 45 to get the equation for the rate of change of
the height of liquid in the capillary, given by

dh  oR pgR? 47
—=—-0C0S6,—
dt  4uh ° 8 S
Equation 47 is transformed to the form
6 dx 1 (1 48
cos — | — -
c dr H 2 X ( )

in which we have used the dimensionless variables

7= (40t/uR), x = h/[20 cos 6,/pgR], H = (8a/pgR?)
(49)

Table 5. Friction Factor and Permeability Geometric
Factors for f(@) = sin%"e

K C, =(f.Re/16) (K/Kg)
1 1+(1/8)e? + ... 1-(1/8)e? + ...

2 1+(13/128)€? + ... 1—(13/128)€? + ...
3 1+(51/1,024)e2 + ... 1—(51/1,024)e? + ...
Table 6. Correction Factors B and « for
£(0) =sin?*@ (Egs. 35 and 36)

k B = wAw) a=(wHAw)’

1 4/3)+0(e) 24+0(e)

2 (4/3)+(1/40)€% + ... 2+(7/80)€2 + ...

3 (4/3)+(403/6,720)€2. .. 2+(3,753/17,920)€2 + ...
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Integration of Eq. 48 between the limits y(0)=0and y(r)
then gives the WRL equation
(7/H?) = —cos g, x +In(1- x)] (50)
In extending the WRL analysis to the noncircular tube
considered here, we use the average velocity from Eq. 27 for
(dh/dt), with the pressure gradient taken as (A p/h). As with
Eq. 45, the pressure drop consists of the capillary pressure
and the hydrostatic pressure terms, except that we use the
hydraulic radius r, =(S/P) in place of (R/2) in the former
(Mason and Morrow, 1991; Kim and Whitesides, 1997). Ac-
cordingly

Ap=(ocosb,/ry)— pgh (51)

Using Egs. 21, 24 and 27, we get

dh R® (1+eQf +€’Q5+...)[acosh,
) H

ah _ ~ pgh
dt  8Buh  (L+ €SP+ €S} pg}

R? (1+eQf +€°Qf +...)
8uh  (1+ €Sf +€°S¥)

20708 0, (1+ €Pf +€PF +...)
X 5 —pgh
R (1+ €S +€%S5)

oRcos 6, o gR?
=T D) -
w

4uh

E(e) (52)

When Eg. 52 is written in terms of the dimensionless vari-
ables 49, we get

dx
Cos— = —

(53)

with

D(e) (1+eQf +€?QF +...)(1+ Py + €?P5F +...) )
€)= =~
(1+ €St +€°s5)”

1
+EeST+EZ(Q§+P;k—zs;k—s;kz)Jr... (54)
1+ eQF + €2Q% + ...
E(e)z( : ~ )=1+esf
(1+ eSF+ e S;“)
+€2(Qf —SF —S{%)+... (55)

The expressions for D(e) and E(e) are based on using the
fact that QF = 2S5 and Pj =(1/2) S}.
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Table 7. x, and Ratio (h,/h,) for Fixed S for f(@)=sin?*9 (Egs. 57 and 58)

Xe=1—(1/2)€SF + €2[PF — SF +(1/2)SF2]+ ...

(h,/h. ) =1+ €2[PF —(1/2S} +(1/8)SF%]+ ...

1-(1/2)e +(3/8)e? + ...
1—(3/8)e +(41/128)€? + ...
1—(5/16)e +(347/1,024)€? + ...

WN P | X

1+(3/16)€® + ...
1+(69/256)€2 + ...
1+(625/2,048)€2 + ...

Integration of Eq. 53 between the limits y(0)=0and y(r)

then gives
T D(e) [ x X
~ - = flIn|1- = 56

H2cos 6, Ez(e){)(ao n[ J} (56)

in which we have used the fact that the equilibrium height of
liquid x., obtained from Eg. 53 upon setting dy/dr =0, is
given by

h., D(e) 1
~ ~ ~1— €S}
(2o cos6,/pgR) E(e) 2

X:)O

(57)

1
+ €2 P;"—S;'<+Esj‘2 +..

When we set € =0 in Eqg. 56, the WRL result is obtained.
Equation 56 can be used to construct plots of the depend-
ence x = x(7; €) using the values for D(e) and E(e) from
Egs. 54 and 55. We recognize that the relationship depicted
by Eq. 56 is strictly correct to terms of O(e?) in conformance
with the order of approximation pertaining to D(e) and E(e).

Equation 57 may give the illusion that the equilibrium
height of liquid in the noncircular tube is smaller or larger
than that in the circular tube depending upon whether the
parameter e is positive or negative, respectively. However,
this is only due to the fact that Eq. 57 does not give the
equilibrium height of liquid relative to the same basis in the
two cases; the cross-sectional areas of the flows are different
in the two cases. A proper reference for expressing the equi-
librium height of liquid would be on the basis of equal cross-
sectional areas (m?) S of circular and noncircular tubes. In
terms of the area S, the equilibrium height is given by

h 20 Cos 6,
© o pg/S/m

20 cos 6, 1 Z(P* 18* 18*2) 53
~——— {1+ — oS+ —SF |4
pg\/S/_Tr € 2752 g1 (58)

It is obvious that the ratio of heights of liquid in noncircular
to circular tubes having the same cross-sectional areas is given
by the term in brackets in Eq. 58. Values of y, from Eq. 57,
and the ratio of heights (h,./h...) from Eq. 58 for the bound-
ary function f(#)=sin2"9 are given in Table 7, from which it
is evident that the penetration of liquid is deeper for the
noncircular tube. Furthermore, it increases as the value of k
increases irrespective of the sign of e. It needs to be ob-
served that while geometric similarity in boundary shape is
not preserved as k is changed, the mean radius of curvature
decreases as k increases, and the trend predicted from Eq.
58 is as expected.

{(1+ Py + Py +...)(1+ €Sf + EZS;<)71/2>
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Equation 56 can be used to compare capillary rise curves
for different values of the boundary function coefficient k.
However, plots of ( x/x..) against 7 for different values of k
and e would pertain to tubes of different cross-sectional ar-
eas. A proper comparison requires that variables are normal-
ized to the same cross-section for flow. This is done by re-
defining the variable 7 and the parameter H, given in Eq. 49,
in terms of the area S instead of R. Equation 21 relating S
and R is used with Eq. 49 to get

4ot (pgS/m)’ 1
T, =
w/S/m (8a)" cosb,

— 2Qx* 32 T
—(1+€ST+E Sz) (WOSGC) (59)
When Eq. 59 is combined with Eq. 56, we get

T, =

3 9
1+52(P2*—Q;"+ES;"+§STZ)+...

X[X_)i +In(1—X—i)] (60)

The variables 7, and ( x/x..) are normalized to fixed cross-
sectional area regardless of boundary shape. Figure 2 depicts
the capillary rise curves using Eq. 60. The coefficient of the
e2-term in Eq. 60 is always positive, and takes on the pro-
gressively increasing values (11/16), (215/256) through
(1977/2048) as the boundary function coefficient k increases
from 1 to 2 to 3. It is clear from Figure 2 that the penetration
rate is increasingly retarded as the boundary shape progres-
sively departs from the circular shape. However, we need to
observe that, for the choice of function f(6)=sin?9, the
boundary shapes do not change significantly as k increases
from 1 to 3, as can be surmised from Figure 1. Consequently,
the capillary rise curves for any given value of €, when nor-
malized to constant cross-sectional area, tend to be quite
close. The effects of large variations in boundary shape are
examined in the next section.

Results for the Boundary Function f(0) = sin?ké

The boundary defined by r =1+ € sin?k6, with k a posi-
tive integer, is useful, because it provides broad choices of
shapes through variation of the magnitude of e and the value
of k, which, as shown in Figure 3, include an approximation
to a square shape, evolving into the corrugated tube as k
increases. Clearly, the ranges of the approximations, being
asymptotic expansions in e, will be circumscribed by the value
of k; the larger the value of k, the smaller e must be to
preserve the asymptotic nature of the expansions.
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Figure 2. Capillary rise curve (Eqg. 60), for tube bound-

ary r =1+ e sin?"o.
k=123 e=02.

All the results obtained above in terms of f(#), in general
form, can be specialized for this case, and expressed by equa-
tions in terms of k and e. The coefficients A, and B, in the
series solutions for u,(r, #) and u,(r, 8), given by Egs. 12 and

circle
k=1

2
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-1.5
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Figure 3. Capillary tube boundary: r =1+ € sin?k®.
k=1,2,10; e=03.

704

Table 8. Values of P}, P¥, S, S¥, QF and Q% for

£(0) =sin?k# (Egs. 19-25)

Py Py

St

3 Qr

Q

1/2 k2/4

3/8 2

(9/4)— k

Table 9. Flow Properties for Boundary Function
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f(0)=sin’ko
R2( dp 68k-7) ,
@ <UZ>/[@(E)] = _ €2+ @7
R? d 4k -3
@) UszX/[E(_d_FZJ)} = +E—( )62+
k-1
3 22 /Mv;max] = 7( > )€2+
(8k—7)
@ (QQ.) =~1- 8 €2+ (28)
2k —1)(2k —3)
(5) C,=(16f Re) ~ *Teer 3D
2k —1)(2k —3
® (K/Kp) z1+$52+ (39)
@ B= WKWy L4, ko DEkED (34)
B =wriw =3 302k 1)
(k—1)(2k —1)(2k +3)
— 3 3 ~ 2
® o= whKw) - (k+ D2k +1) - @
3 (k+1(k+3)
(9) D(e)E?%(e) =l—56+fez+ (56)
1 2k?+1
(10) x.. ::l——e+( 8+ )52 567
2k -1)Q2k+1)
1) (h/h.,) =1+1—652 (58)
2k —1)(2k +9
12) = :—[1+$52+...]
16
x[iﬂn(l—i” (60)
Xeo Xeo
15, are given by
An(k) == 6n0 + 6nk (61)

1 3 1 1 1
Bn(k) = (Ek—g)%—(k—5)5nk+(§k—g)5n(zk>
(62)

in which, as usual, the Kronecker delta 8”- =1when i= jand
8;=0 otherwise. It is evident from the results here, and those
presented earlier, that the symmetry requirements imposed
on the flow at the outset lead to significant simplification of
the analysis, without detracting from their broad value.

The expansion coefficients for the perimeter P (Eq. 25),
area S (Egs. 22-23) and the volumetric flow rate (m%/s) Q
(Egs. 19-20) are given in Table 8 as functions of k.

All results derived above for the boundary function f(0),
in general form, can be specialized for the case () = sin?k#,
using the values in Table 8 and Egs. 61 and 62. The principal
results pertaining to this choice of boundary function are pre-
sented in Table 9 as expressions in terms of k and e. It is
obvious from Figure 3, which depicts boundary shape corre-
sponding to f(8)=sin2k#, that increasing the integral value

AIChE Journal
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Figure 4. Capillary rise curve (Eq. 60) (Table 9, No. 12)
for tube boundary r =1+ € sin%k®.
k=1,2 3 4,5, 10, 15, € = 0.1.

of k results in significant change in boundary geometry, and
the expressions in Table 9 suggest that the resulting effect on
flow properties is also significant. Plots of ( x/x..) against 7,
using expansion No. 12 from Table 9 are given in Figure 4,
which demonstrates that tube geometry strongly affects the
rate of capillary flow. In particular, the plots in Figure 4 indi-
cate that, based on equal cross-sectional area, the penetra-
tion rate is increasingly retarded the further the departure
from the circular shape (k increasing). Furthermore, the re-
sults in Table 7, as well as expansion No. 11 in Table 9, for
the ratio (h,/h,..), demonstrate that the penetration in the
noncircular tube is deeper than that for a circular tube of the
same cross-sectional area. These results are consistent with
the fact that the mean curvature, which is proportional to the
ratio (P/S), increases for fixed S the further the boundary
departs from the circular shape.

Conclusions

The principal guideline governing the choice of problem,
and associated analysis, presented in the foregoing was to es-
tablish a framework in which the role of tube geometry on
flow properties could be probed in a direct way. Accordingly,
explicit analytical results for all flow properties are derived in
which the role of boundary shape is articulated directly in
terms of the function f(6), in general form, as well as for the
specific choices f(#)=sin?*9 (k=1, 2, and 3), and for ()

AIChE Journal

=sin%k@ with k a positive integer. The choice of f(6) per-
mits one to change boundary shape, and the choice of the
value of the parameter e permits one to determine the de-
gree of the change. Aside from these, an additional attribute
of the analysis here resides in the fact that each result for the
noncircular tube is established relative to the corresponding
flow property for the circular tube as the reference. The re-
sults in terms of the general form of f(0) are complete with
all relevant flow properties expressed in terms of dimension-
less factors pertaining to tube geometry and volumetric flow
rate (that is, Pf, P¥, S¥, S¥, Q¥ and Q%). Accordingly, ex-
tension of the calculations to other permissible choices of the
boundary-shape function is straightforward. The variety of
admissible boundary-shape functions is broad, and includes,
for example, f(6)=sin?"9 +cos?*9, which through choice of
k and e can provide a boundary approximating a square with
rounded corners, or one with concave and convex surfaces.
This function can be reduced to a polynomial in sin®*, of
degree k or (k —1), depending upon whether k is an even or
an odd integer, respectively. Therefore, the results for this
function, which represents a superposition of the shape cor-
responding to sin?%9 upon that of its rotation through 90 de-
grees, can be constructed directly using the trigonometric in-
tegrals given here. It is clear from the overall results obtained
here that boundary geometry has a strong effect on capillary
flow.
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Notation

h =height of capillary rise, m
h,, =equilibrium height of capillary rise, m
p =pressure, Pa
P, P¥ =dimensionless expansion coefficients for P, Eq. 24
Q¥, Q3 =dimensionless expansion coefficients for Q, Eq. 18
r =dimensionless radial coordinate
S, S¥ =dimensionless expansion coefficients for S, Eq.. 21
u(r, ) =(1—r2)—w(r, ), reduced dimensionless velocity
v, =axial velocity in tube, m/s
w(r6)=u§/[ R2(— dp/dz)/4u], dimensionless axial velocity
X=r
1 = Vviscosity, Pa-s
p =density, kg/m®
¢ =void fraction in packed bed
x =h/20 cos 6./pgR], dimensionless capillary rise, Eq. 49
X =h./120 cos 0./pgR]
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